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What is Camera Calibration? 

§  A camera projects 3D world points onto 
the 2D image plane 
 

§  Calibration: Find the internal quantities 
internal of the camera that affect this 
process 
§  Image center  
§  Focal length 
§  Lens distortion parameters 



Why is Calibration Needed? 

§  Camera production errors 
§  Cheap lenses 
 
Precise calibration is required for 
§  3D interpretation of images 
§  Construction of world models 
§  Robot interaction with the world  

(hand-eye coordination) 
 



Coordinate Frames 

1. World coordinate frame 
2. Camera coordinate frame 
3.  Image (plane) coordinate frame 
4. Sensor coordinate frame 

 



Coordinate Frames 

1. World coordinate frame 
written as: 

2. Camera coordinate frame 
written as: 

3.  Image (plane) coordinate frame 
written as: 

4. Sensor coordinate frame 
written as: 



Transformation 

§  We want to compute the mapping 

in the  
sensor  
frame 

in the  
world 
frame 

image 
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to 
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world 
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Visualization 

Image courtesy: Förstner 
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From the World to the Sensor 

ideal projection 
(3D to 2D) 

image to sensor  
frame (2D) 

deviation from 
the linear model 
(2D) 

world to camera  
frame (3D) 



Extrinsic & Intrinsic Parameters 

§  Extrinsic parameters describe the pose of 
the camera in the world 

§  Intrinsic parameters  describe the 
mapping of the scene in front of the camera 
to the pixels in the final image (sensor) 

extrinsics intrinsics 



Extrinsic Parameters 

§  Pose of the camera with respect to the 
world 

§  Invertible transformation  

How many parameters are needed? 
6 parameters:  3 for the position +  

   3 for the heading 



Extrinsic Parameters 

§  Point     with coordinates in world 
coordinates 

§  Center     of the projection (origin of 
the camera frame) 



Transformation 

§  Translation between the origin of the 
world frame and the camera frame 

                                 
 
§  Rotation from the frame     to     
§  In Euclidian coordinates this yields   

 



Transformation in H.C. 

§  In Euclidian coordinates 
§  Expressed in Homogeneous Coord. 

 

 
§  or written as 

with 

Euclidian 
H.C. 



Intrinsic Parameters 

§  The process of projecting points from 
the camera frame to the sensor  

§  Invertible transformations:  
§  image plane to sensor 
§ model deviations 

§  Not directly invertible: projection  



Ideal Perspective Projection 
We split up the mapping into 3 steps 
1.  Ideal perspective projection to the image 

plane 
2.  Mapping to the sensor coordinate frame 

(pixel) 
3.  Compensation for the fact that the two 

previous mapping are idealized   



Coordinate Frame 

Physically motivated 
coordinate frame 
c>0 

Most popular image 
coordinate frame 
c<0 

rotation  
by 180 deg 

Image courtesy: Förstner 



Camera Constant 

§  Distance between the center of 
projection    and the principal point 

§  Value is computed as part of the 
camera calibration 

§  Here coordinate system with  

Image courtesy: Förstner 



Ideal Perspective Projection 

§  Through the intercept theorem, we 
obtain for the point    projected onto 
the image plane the coordinates            

intercept theorem 



In Homogenous Coordinates 

§  We can express that in H.C. 



In Homogenous Coordinates 
§  Thus we can write for any point 

§  with 

§  This defines the projection from a point in 
the camera frame into the image frame 



Assuming an Ideal Camera 
§  We now have 
 
 
§  with 

§  Transformation from the world frame into 
the camera frame, followed by the 
projection into the image frame 



Calibration Matrix 
§  Calibration matrix for the ideal camera: 

 

§  We can write the overall mapping as 

3x4 matrices 



Calibration Matrix 

§  We have the projection 

§  that maps a point to the image frame  

§  and yields for the coordinates of 



In Euclidian Coordinates 

§  As comparison: Image coordinates in 
Euclidian coordinates 

 
 



Extrinsic & Intrinsic Parameters 
 

extrinsics intrinsics 



Mapping to the Sensor Frame 
 
§  Next step: Mapping from the image to 

the sensor frame 
§  Assuming linear errors 
§  Take into account: 

§  Location of the principal point in the 
image plane (offset) 

§  Scale difference in x and y based on the 
chip design 



Location of the Principal Point 

§  The origin of the sensor frame (0,0) is 
not at the principal point 

§  Compensation by a shift  



Scale Difference 

§  Scale difference     in x and y 

§  Resulting mapping into the sensor 
frame: 



Calibration Matrix 

§  The calibration matrix for the affine 
camera: 



Calibration Matrix 

§  The calibration matrix for the affine 
camera: 

§  Contains 4 parameters: 
§  camera constant: 
§  principal point: 
§  scale difference: 



Non-Linear Errors 

§  So far, we considered only linear 
parameters 

§  The real world is non-linear 
§  Reasons for non-linear errors 



Non-Linear Errors 

§  So far, we considered only linear 
parameters 

§  The real world is non-linear 
§  Reasons for non-linear errors 

§  Imperfect lens 
§  Planarity of the sensor 
§ … 



Example 

Image courtesy: Abraham 

not straight line preserving 



General Mapping 

§  Idea: Add a last step that covers the 
non-linear effects 

§  Location-dependent shift in the 
sensor frame 

§  General mapping 

non-linear functions 



Example: Distortion 

§  Approximation of the distortion 

§  With   being the distance to the image 
center 

§  The term   is the additional parameter 



General Mapping in H.C. 

§  Yields 

§  with 

§  So that the overall mapping becomes 



General Calibration Matrix 

§  General calibration matrix: 

§  Resulting in the general projection  



Calibrated Camera 

§  If the intrinsics are unknown, we call 
the camera uncalibrated 

§  If the intrinsics are known, we call 
the camera calibrated  

§  The process of obtaining the intrinsics 
is called camera calibration 



Camera Calibration 

§  Calculate intrinsic parameters from a 
series of images 
§  2D camera calibration  
§  3D camera calibration 
§  Self-calibration 



2D Camera Calibration 
§  Use a 2D pattern (checkerboard) 

§  With known size and structure 



Trick for 2D Camera Calibration 
§  Use a 2D pattern (checkerboard) 

§  Set the world coordinate system to 
the corner of the checkerboard 



Trick for 2D Camera Calibration 
§  Use a 2D pattern (checkerboard) 

§  Set the world coordinate system to the 
corner of the checkerboard 

§  All points on the checkerboard  
lie on one plane! 



§  Since all points lie on the plane, their      
component is 0 in world coordinates 

Trick for 2D Camera Calibration 



Trick for 2D Camera Calibration 

§  Since all points lie on the plane, their      
component is 0 in world coordinates 



§  Since all points lie on the plane, their      
component is 0 in world coordinates 

§  Thus, we can delete the 3rd column of the 
extrinsic parameter matrix 

Trick for 2D Camera Calibration 



§  Since all points lie on the plane, their      
component is 0 in world coordinates 

§  Thus, we can delete the 3rd column of the 
extrinsic parameter matrix 

Simplified Form for 2D Camera 
Calibration 



Setting Up the Equations for Determining 
the Calibration Parameter 



Setting Up the Equations for Determining 
the Calibration Parameter 

§  The column vectors of the rotation matrix            
form an orthonormal basis, thus:  



Exploit Constraints 



Exploit Constraints 



Exploit Constraints 



Exploit Constraints 



§                is symmetric and positive definite 
 

Equations from Constraints 



§                is symmetric and positive definite 
§  Thus: 

 

Equations from Constraints 

Note:     can be calculated from  
    using Cholesky factorization 
                              ,                                      



§                is symmetric and positive definite 
§  Thus: 

 
§  Define: 

 

Equations from Constraints 

Note:     can be calculated from  
    using Cholesky factorization 
                              ,                                      



§                is symmetric and positive definite 
§  Thus: 
 
 
§  Define: 

§  Construct a system of linear equations: 
§  With                  we have             and 

 

Equations from Constraints 

Note:     can be calculated from  
    using Cholesky factorization 
                              ,                                      



The Matrix V 
§  Accordingly, the matrix     is given as 

  with  
 

  
§  For one image, we obtain 

§  For multiple images, we stack the matrices to a 
2n x 6 matrix 

image 1 

image n 

: entries of matrix 

[Zhang 98] 



What is Needed? 

§  Each plane gives us two equations 
§  Since    has 6 degrees of freedom, we need 

at least 3 different views of a plane 

§  We need at least 4 points per plane to 
compute the matrix H 

§  Solve    to compute the calibration 
matrix  



Solving the Linear System 

§  The system            has a trivial solution: 
which will not lead to a valid matrix  

§  Impose additional constraint  



In Reality… 

§  Real measurements are corrupted with 
noise 
 

§  Find the solution that minimizes the least-
squares error 
 
 

with 



Summary  
 §  Mapping from the world frame to the 

sensor frame 
§  Extrinsics = world to camera frame 
§  Intrinsics = camera to sensor frame 
§  Pinhole camera model 
§  Non-linear model for lens distortion 
§  Approach to camera calibration that 

§  accurately determines the camera 
parameters  

§  is easy to realize 
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