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Humanoid Robots
Exercise Sheet 9 - Inverse reachability maps (IRM) and statistical testing

Exercise 17

In this exercise, we will compute reachability maps and inverse reachability maps for the robot arm
with three links from exercise 15:
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Figure 1: Robot arm with three joints

Reachability map

Compute the reachability map of the endeffector with respect to the robot’s base according to the
following steps:

a) Implement the method sampleConfiguration for choosing a random configuration of the
robot’s joints (𝑞0, 𝑞1, 𝑞2) and return the configuration as a vector. The joint angles should be
sampled uniformly within the following bounds:

joint min max
𝑞0 0 +𝜋

2
𝑞1 −𝜋 +𝜋
𝑞2 −𝜋 +𝜋



b) Compute the following measurement of manipulability for a given joint configuration in
computeManipulability():

score := 1 − 1
4𝜋

(|4𝑞0 − 𝜋| + |𝑞1| + |𝑞2| + |𝑒𝜃|) (1)

(This manipulatibility measurement favors configurations where 𝑞0 is near 45 degrees and
penalizes configurations with pointed angles between links.)

c) Implement the method computeRM that computes the reachability map of the endeffector by
iterating the following steps:

∙ Sample a joint configuration.
∙ Compute the end effector pose with the forwardKinematics method.
∙ Check that the end effector is above the ground (i.e., 𝑒𝑦 > 0). If the end effector collides

with the ground, then sample again. (You don’t have to perform other checks such as
self-collisions, object collisions, etc. in this exercise.)

∙ Compute the manipulability score for the configuration.
∙ Add the configuration to the reachability map with the addToRM method.

With rosrun irm plot-rm.gp or in the Wiki you can inspect the resulting reachability map. The
robot’s base is located at the origin and the colors represent the manipulability of the possible end
effector poses.

Inverse reachability map

For the sake of simplicity, we assume that the robot arm is mounted on a wheeled base so that we
do not have to deal with stance feet and swing feet.

The inverse reachability map indicates suitable positions where the base of the robot has to be
located so that the gripper can reach the desired object. Using this map, the robot can first drive
to a suitable place near the table and then grasp the drink.

d) Implement the method computeIRM. The voxels of the reachability map are given to the
method as an argument. For each configuration stored in the reachability map, add an entry
to the inverse reachability map as follows:

∙ Compute the end effector pose from the configuration’s joint angles with the
forwardKinematics method.

∙ Convert the end effector pose to a homogeneous transformation matrix, find the inverse,
and convert the inverted transformation matrix back to the pose of the robot’s base
(𝑏𝑥, 𝑏𝑦, 𝑏𝜃). The result is the pose of the base expressed in the coordinate system of the
gripper.

∙ Add the base pose together with the joint angles and the manipulability score to the
inverse reachability map by calling the addToIRM method.
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With rosrun irm plot-irm.gp or in the Wiki you can inspect the resulting inverse reachability
map. The robot’s gripper is located at the origin and the colors represent the possible base poses
that are suitable for reaching the object in the coordinate frame of the gripper.

Exercise 18

Statistical testing is an important tool for assessing the quality of algorithms in robotics. In this
exercise, we will use Z tests and T tests to make confident statements about samples.

Z Test

In a nationwide test, German students reached on average 100 points with a standard deviation of
12. You are given the results of 55 students from Bonn. Someone claims that the Bonn students
performed significantly worse than the average German students. Use the Z test to support that
claim or to show that the data is insufficient for deciding:

a) Implement the methods for calculating the mean and the 𝑍 score.

b) Complete the method germanStudentsTest by choosing the correct hypothesis 𝐻1 and null
hypothesis 𝐻0.

c) Implement the method oneSampleZTest for performing the Z test. For looking up the 𝑍 score
in the 𝑍 table, a method named lookupZTable is already provided in the code. It returns
the value of the cumulative distribution function for given 𝑍, i.e., the area below the Gaussian
marked in Fig. 2.

Z

cdf(Z)

Figure 2: Z value and the cumulative distribution function for the normal distribution

Make a distinction of cases for the three possible cases of left-tailed, right-tailed, and two-tailed
tests. In the end, either reject the null hypothesis or state that you cannot reject the null
hypothesis based on the data.
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One-sample T Test

A study found that the average price of a car in a particular city is $12,000. Five cars park in front
of a house with the prices listed in cars(). A car thief claims that the cars are more expensive
than in the rest of the city. Use the one-sample T test to support that claim or to show that the
data is insufficient for deciding:

d) Implement the methods for calculating the sample standard deviation and the 𝑡 value. Estimate
the standard deviation from the sample.

e) Complete the method cars by choosing the correct hypothesis 𝐻1 and null hypothesis 𝐻0.

f) Implement the one-sample T-Test. For looking up the values of the 𝑇 table, the existing code
already provides the method lookupTTable. The 𝑇 table provides the quantile function of
the Student’s t distribution, i.e., the inverse of the cumulative distribution function. See Fig. 3
for an illustration. Distinguish again between left-tailed, right-tailed, and two-tailed tests.

quantile(p, dof)

p

Figure 3: Quantile function for the student’s t distribution with a particular degree of freedom

Two-sample T Test

You implemented a path planning algorithm and would like to compare it to the standard approach
from the literature (the “baseline approach”). The method planning() lists the path lengths for 25
randomly generated scenarios both with your planner and the baseline planner. You claim that the
path lengths of your planner are different from the baseline planner’s paths. Use the two-sample T
test to support your claim or to show that the data is insufficient for deciding as follows:

g) Complete the method planning by choosing the correct hypothesis 𝐻1 and null hypothesis
𝐻0.

h) The variance of the distribution has to be estimated from two samples simultaneously instead
of from one sample only. To do so, compute the pooled variance in pooledVariance according
to the formula

�̂�2
pooled := (𝑁1 − 1) 𝑠2

1 + (𝑁2 − 1) 𝑠2
2

𝑁1 + 𝑁2 − 2 , (2)
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where 𝑁1, 𝑁2 are the number of samples and 𝑠1, 𝑠2 are the standard deviations of the samples.

i) Compute the standard error of the two samples with respect to each other according to

SE �̄�1−�̄�2 :=
√︃

�̂�2
pooled

(︂ 1
𝑁1

+ 1
𝑁2

)︂
(3)

j) Implement the method tValueTwoSamples that computes the 𝑡 value according to

𝑡 := �̄�1 − �̄�2
SE �̄�1−�̄�2

(4)

where �̄�1, �̄�2 are the means of the sample sets.

k) Implement the method tValueTwoSamples using the 𝑡 value from the previous method and
𝑁1 + 𝑁2 − 2 degrees of freedom. The rest of the code will be identical to the one-sample test.

Deadline: 9 July 2015, 11:59 am
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