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Humanoid Robots
Exercise Sheet 2 - Projective Geometry and Camera Calibration

Exercise 4

You install a surveillance camera on a flag pole in front of the building. The camera’s data sheet
specifies the following parameters:

principal point
(︃

𝑥𝐻

𝑦𝐻

)︃
=
(︃

400
300

)︃
camera constant 𝑐 = 550
scale difference 𝑚 = 0.0025

Let the origin of the world coordinate system be at the bottom of the flag pole. The projection
center of the camera is located 𝑍0 = 10 m above the ground and 𝑋0 = 40 cm in front of the flag
pole in 𝑋 direction.

The camera can be rotated vertically in the (𝑍, 𝑋) plane around its projection center. Let 𝛼 be the
current rotation angle in radians. The rotation matrix is then

𝑅 = 𝑅2(𝛼) =

⎛⎜⎝ cos 𝛼 0 sin 𝛼
0 1 0

− sin 𝛼 0 cos 𝛼

⎞⎟⎠ .

∙ Implement the function euclideanToHomogeneous that converts Euclidean coordinates in 3D
to homogeneous coordinates.

∙ Implement the function homogeneousToEuclidean that converts the homogeneous coordinates
back to Euclidean coordinates. You may assume that the last component of the homogeneous
coordinates is ̸= 0.

∙ Implement the function setCameraParameters that returns a data structure that contains
the camera parameters.



∙ Implement the function calibrationMatrix that returns the calibration matrix 𝐾 for the
camera parameters given as an argument.

∙ Implement the function projectionMatrix that returns the projection matrix 𝑃 given the
calibration matrix and the rotation angle 𝛼.

∙ Implement the function projectPoint that projects a point in 3D coordinates to image
coordinates given the projection matrix 𝑃 .

Exercise 5

In your repository you will find seven images of a checkerboard pattern captured from different view
points:

For each image the code already provides the coordinates of the four corners marked with circles
both in the world coordinate frame 𝑆𝑜 and in the sensor coordinate frame 𝑆𝑠. The world coordinate
frame is drawn as (𝑋, 𝑌, 𝑍) = (red, green, blue) in the images.

Calculate the camera’s intrinsic parameters and the camera poses from where the images were
captured following these steps:

a) The relationship between world coordinates and sensor coordinates can be expressed as

⎛⎜⎝𝑠𝑢
𝑠𝑣
𝑠𝑤

⎞⎟⎠ =

⎛⎜⎝𝑝11 𝑝12 𝑝13 𝑝14
𝑝21 𝑝22 𝑝23 𝑝24
𝑝31 𝑝32 𝑝33 𝑝34

⎞⎟⎠
⏟  ⏞  

=:P

⎛⎜⎜⎜⎝
𝑋
𝑌
𝑍
1

⎞⎟⎟⎟⎠ (1)

in homogeneous coordinates. The projection matrix P contains both intrinsic and extrinsic
parameters. We chose the world coordinate system in a way that the 𝑍 axis is perpendicular
to the checkerboard, so it is 𝑍 = 0 for all points and we can simplify Equation (1) to⎛⎜⎝𝑠𝑢

𝑠𝑣
𝑠𝑤

⎞⎟⎠ =

⎛⎜⎝ℎ11 ℎ12 ℎ13
ℎ21 ℎ22 ℎ23
ℎ31 ℎ32 ℎ33

⎞⎟⎠
⏟  ⏞  

=:H

⎛⎜⎝𝑋
𝑌
1

⎞⎟⎠ (2)
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with ℎ11 := 𝑝11, ℎ12 := 𝑝12, ℎ13 := 𝑝14 etc. The matrix H now represents a 2D homography.
It is scale invariant and has eight degrees of freedom, hence we can set ℎ33 := 1 without loss
of generality.
We convert Equation (2) to Euclidean coordinates and get

𝑠𝑥 =
𝑠𝑢
𝑠𝑤

= ℎ11𝑋 + ℎ12𝑌 + ℎ13
ℎ31𝑋 + ℎ32𝑌 + 1 (3)

𝑠𝑦 =
𝑠𝑣
𝑠𝑤

= ℎ21𝑋 + ℎ22𝑌 + ℎ23
ℎ31𝑋 + ℎ32𝑌 + 1 (4)

Rearranging Equations (3) and (4) in the form

Q ·
(︁
ℎ11 ℎ12 ℎ13 ℎ21 ℎ22 ℎ23 ℎ31 ℎ32

)︁𝑇
= r (5)

where Q is a 2 × 9 matrix leads to

Q =
(︃

𝑋 𝑌 1 0 0 0 −𝑠𝑥 · 𝑋 −𝑠𝑥 · 𝑌
0 0 0 𝑋 𝑌 1 −𝑠𝑦 · 𝑋 −𝑠𝑦 · 𝑌

)︃
and r =

(︃
𝑠𝑥
𝑠𝑦

)︃
. (6)

For each image you get the coordinates of four points. Calculate 1Q, . . . ,4 Q and 1r, . . . , 4r for
each point 1, . . . , 4 according to Equation (6) and combine the matrices to the linear system⎛⎜⎜⎜⎝

1Q
2Q
3Q
4Q

⎞⎟⎟⎟⎠ ·
(︁
ℎ11 ℎ12 ℎ13 ℎ21 ℎ22 ℎ23 ℎ31 ℎ32

)︁𝑇
=

⎛⎜⎜⎜⎝
1r
2r
3r
4r

⎞⎟⎟⎟⎠ (7)

Build and solve this linear system in the method homographyFromPoints and return the
homography matrix H.

b) Follow slides 40–57 to build the linear system

V · b = 0 (8)

where V is a 2𝑛 × 6 = 14 × 6 matrix. First implement the auxiallary method getV that
computes the vector v as a function of 𝑖 and 𝑗 (see slide 57), then use this method in
calculateB to build the matrix V. The existing code at the end of the method will then
solve Equation 8 and return the matrix B.

c) Implement the method calibrationMatrix to compute the calibration matrix K from the
matrix B := K−𝑇 K−1 using Cholesky factorization. The Cholesky factorization is called
llt() in Eigen, named after its definition chol(𝑀) = 𝐿𝐿𝑇 .

d) Implement the method computeCameraPose to compute the camera transformation matrix(︁
r1 r2 r3 t

)︁
that indicates the pose of the camera while taking the image. Use the equation

H = K
(︁
r1 r2 t

)︁
(9)

and the fact that r1, r2 and r3 form an orthonormal basis.
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